The dressing and vertex operator formalism is emploied to study the soliton solutions of the N = 1 super mKdV and sinh-Gordon models. Explicit four vertex soliton solution is presented. The introduction of defects is discussed under the Lagrangian formalism and Backlund transformations for the super sinh-Gordon model. Modified conserved momentum and energy are constructed for this case. Some explicit examples of different Backlund solitons solutions are discussed.
Introduction
A systematic construction of supersymmetric integrable hierarchies within the algebraic formalism was proposed in [1] . An interesting feature of such approach is that it allows time evolutions according to both, positive and negative grades. In particular the first negative grade time evolution is always associated to the relativistic integrable model (with appropriated choice of space-time coordinates). Specific examples were given in connection with the sl(2, 1) super Lie algebra yielding the super mKdV and sinh-Gordon models. The supersymmetric sinh-Gordon was first proposed in [2] by introducing a pair of Grassmann coordinates whilst the super mKdV, involving a single Grassmann coordinate, was proposed later in [3] . By extending Hirota's method for superfields, solutions for the super mKdv and super sinhGordon were obtained [4] , [5] . The relation between the bosonic mKdV and sinh-Gordon models was observed by a number of authors [6] . This fact was explained and further extended to other integrable models in [7] (e.g. Lund-Regge and Non linear Schroedinger) and in [8] the relation between soliton solutions of both models were verified explicitly. This fact was explored in [1] to show that the super mKdV and sinh-Gordon models indeed belong to the same integrable hierarchy.
In this paper we employ the algebraic formalism to study the N = 1 super mKdV and sinh-Gordon models by decomposing the affineŝl(2, 1) into half-integer graded subspaces following ref. [1] . In order to obtain a general non-trivial soliton solution from the dressing formalism and vertex operators we employ a slightly different gradation and loop automorphism from those of ref. [1] .
We also discuss the structure of the supersymmetricŝl(2, 1)-type hierarchy in the presence of a defect. A free theory of Bose and Fermi fields with a defect was first considered in [9] . Later in [10] - [12] a Lagrangian approach was proposed to study an interacting class of bosonic field theory admiting Backlund transformations. We follow the approach of ref. [10] - [12] to consider the super sine-Gordon model in the presence of a defect. We explicitly construct the boundary functions consistently with the Backlund transformations. Several cases of transition through the defect are studied. In particular, when the fermionic fields vanish, the pure bosonic soliton case of refs. [10] - [12] is recovered. On the other hand, for vanishing bosonic fields, we find the pure fermionic case. More interesting cases occur when we consider transitions between vacuum to a system of Bose and Fermi fields and transitions between two distinct configurations of non trivial Bose and Fermi states.
This paper is organized as follows. In Sect. 2 we discuss the decomposition of the affinê sl(2, 1) super algebra into half integer graded subspaces and construct the mKdV and sinhGordon models. In Sect. 3 we derive the tau functions from the dressing formalism and construct the vertex operators leading to the soliton solutions for those integrable models. In Sect. 4 we discuss the Lagrangian approach to describe these integrable supersymmetric models with defects. In particular specific boundary terms are chosen in order to ensure modified energy momentum conservation. Explicit examples of pure bosonic and fermionic fields together with the supersymmetric sine-Gordon are also discussed. Various Backlund solutions for the super sine-Gordon models are discussed in Sect.5. In Sect. 6 we discuss the zero curvature representation. In the appendices we discuss the relevant subalgebra of the affineŝl(2, 1), the general four vertex solution and the Backlund transformation for the super sinh-Gordon model.
The super mKdV and sinh-Gordon Hierarchy
In this section we employ the algebraic formalism to construct an integrable hierarchy containing the mKdV and sinh-Gordon supersymmetric models. Consider the sl(2, 1) super Lie algebra with generators
where α 1 and α 2 , α 1 + α 2 are bosonic and fermionic roots respectively. The integrable hierarchy is defined by choosing the grading operator
. The hierarchy is further specified by the constant grade one element, E = E (1) ,
A key ingredient to construct the desired integrable models is the judicious choice of a subalgebraĜ of the affineŝl (2, 1) . This is discussed in the appendix A. The grading operator Q and E decomposes the associated affine super Kac-Moody algebraĜ = ⊕G i = K ⊕ M where K = {x ∈Ĝ, [x, K] = 0} is the kernel of E and M its complement, i.e.,
where the generators K i , M i , F i and G i are constructed in terms of generators ofŝl(2, 1) in app. A. Define the Lax operator L = ∂ x + E + A 0 + A 1/2 where
The positive hierarchy is given in terms of the zero curvature condition
where D (i) ∈ G i and can be solved recursively decomposing eqn. (2.6) grade by grade (see for instance ref. ([1]) . The solution is local and the image part of the zero and one-half grade components of (2.6) yields the time evolution for the fields defined in (2.5). For n = 3 we find
other integrable equations are obtained for different values of n in similar manner. The negative hierarchy is obtained by
Both, positive and negative hierarchies (2.6) were shown to be derived from the RiemannHilbert problem for the homogeneous gradation [13] . The solution for the negative hierarchy (2.8) is, in general, non-local. However, the simplest member of the negative hierarchy, m = 1 in (2.8) has a closed local solution in terms of the zero grade group element B ∈ G 0 ,
where E (−1) is given by (2.3) for n = −1. According to Q in (2.2) the zero grade subalgebra is generated by
The time evolution for t −1 is obtained from (2.8) and coincides with the Leznov-Saveliev's equation [14] when we identify (x, t −1 ) with the light cone coordinates, (z = x,z = t −1 )
leading in components to the super sinh-Gordon equations of motion,
The above equations are invariant under supersymmetry transformation
Dressing and Soliton Solutions
In this section we construct the soliton solution for both, mKdV and sinh-Gordon models from the dressing transformation generated by Θ ± which relates two solutions of the equations of motion written in the zero curvature representation. In particular when relating the vacuum and non-trivial soliton configurations (see for instance Sect. 5 of ref. [15] )
where T 0 = e −xE (1) e −tnE (n) and g is an arbitrary constant element inĜ. Notice that the r.h.s. of (3.14) has an explicit space-time dependence. The quantities m(−i) ∈ G −i and v(i) ∈ G i are determined in terms of the Lax operator in the vacuum and non trivial field configurations. The following τ -functions are found,
where ∂ x χ = uψ and λ i , i = 0, 1 denote the first two fundamental weights ofŝl(2, 1). The soliton solution is therefore given in terms of representations of theŝl(2, 1) affine Lie super algebra,
For the relativistic sinh-Gordon t n = t −1 =z and x = z whilst for the non relativistic mKdV model t n = t 3 and u = ∂ x φ. The soliton solutions are classified in terms of the constant element g in (3.14) which is constructed in terms of eigenvectors of
where
In the appendix B we explicit display the general 4-vertex solution where
where b i and c i , i = 1, 2 are bosonic and fermionic coefficients respectively. By virtue of (3.17) the explicit space-time dependence on the r.h.s. of (3.14) is
In the appendix A we give explicitly the four vertex solution (3.20) for the super sinh-Gordon case given in terms of representation theory of theŝl(2, 1) affine super algebra (3.15). Since, in our formulation, the super mKdV belongs to the same hierarchy as the super sinh-Gordon, its solution is determined using the same vertex functions (3.18) substituting z by x and γ
−1 iz
by γ 3 i t 3 together with the change of variables u = ∂ x φ. The extension of Hirota's method for superfields was emploied in [4] to the sine-Gordon. The same method was later applied by [5] to the to determine the solutions for the super mKdV.
4 Integrable Supersymmetric sl(2, 1) Field Theory with a Defect
Lagrangian Description
The starting point is the Lagrangian density describing bosonic, φ 1 and fermionic,ψ 1 , ψ 1 in the region x < 0 and correspondingly φ 2 andψ 2 , ψ 2 in the region x > 0. Here the space-time is defined in terms of the light cone coordinates as
(z −z) and therefore
We also include a defect contribution located at x = 0:
where,
f 1 is an auxiliary fermionic field and V p , W p correspond to field potentials. The quantities B 0 and B 1 describe the defect. The field equations in the two regions together with the defect conditions at x = 0 are then given by
For x = 0 we find
are fermionic derivatives acting on the left (the same holds for ∂ψ p and ∂ f 1 ). Let us first consider the time derivative of the momentum:
From the equations (4.24), (4.25) and ignoring contributions from ±∞, we can write:
Using the boundary conditions (4.26)-(4.29), and assuming that 
Introducing new variables
we can see from the equations (4.28) and (4.29) that
The above conditions suggest that B 1 will be independent of ψ + andψ − . Let us assume that
so that we can choose
In terms of the new variables and using (4.41), (4.42) and (4.30), the equation (4.35) can be writen
which reduces a total time derivative, provided
Thus, the combination
is indeed conserved. For the energy:
the conserved quantity would be the combination
Bosonic free field theory
Consider the case where the fermionic fields vanish and let us recall the results of ref. [11] . The Lagrangian density in the region x < 0 and x > 0 is given by
where the potentials are,
Therefore, the field equations are:
The Lagrangian associated with the defect is
One solution satisfying the equation (4.33) and the first equation of (4.40) is given by
where β is a free parameter. Thus, the defect conditions at x = 0 are
The modified conserved momentum and energy are, respectively
(4.54)
Fermionic free field theory
Let us consider the following Lagrangian
Then, the field equations in the regions x < 0 and x > 0 are
The Lagrangian associated with the defect is taken to be
Then, the defect conditions at x = 0 are:
The modified conserved momentum and energy are then given by
(4.62)
Supersymmetric Sinh-Gordon
Consider the Lagragian
and
65)
corresponding to the Backlund transformation given in the appendix C. The field equations are x < 0:
67)
x > 0:
68)
Acting the operator (∂ x − ∂ t ) on (4.71) and using equations (4.67) and (4.68), we obtain The modified conserved momentum and energy are given by:
(4.76)
Backlund Solutions for the super Sine-Gordon
In this section we discuss the various solutions compatible with the Backlund transformation (4.69) -(4.73) at x = 0.
• vacuum-1-boson system We consider solutions were φ 1 =ψ 1 = 0 andψ 2 = 0 and φ 2 = 0 given in (8.104) by the one vertex solution (3.19) with b 2 = c 1 = c 2 = 0 , i.e.,
• vacuum-1-fermion system We consider solutions were φ 1 =ψ 1 = 0 and φ 2 = 0 and ψ 2 = 0 given in (8.105) by the one vertex solution (3.19) with b 1 = b 2 = c 2 = 0, i.e.,
• vacuum-fermion/boson system We consider solutions were φ 1 =ψ 1 = 0, φ 2 = 0,ψ 2 = 0. From (8.104) and (8.105) obtained from the one vertex solution (3.19) with b 2 = c 2 = 0 and γ 1 + γ 3 = 0, we find
• boson -boson system Let us now consider solutions withψ 1 =ψ 2 = 0, φ 1 = 0, φ 2 = 0. The bosonic solution (8.104) corresponds to the one vertex solution (3.19) with b 2 = c 1 = c 2 = 0. After changing variables φ p → i 2 φ p , x → x/4, t → t/4 and defining σ = −2/β 2 yields precisely the solution obtained in [10] , [11] i.e., 
imply the following relation for α a = cosh θ a and β a = sinh θ a
The defect preserves the soliton velocity, allowing at most a phase shift. However, if and e θ = |σ|, φ 2 → 0 for σ < 0 or φ 1 → 0 for σ > 0 therefore there is a total absortion/creation of the soliton.
• Fermion -Fermion system We consider solutions were φ 1 = φ 2 = 0,ψ 1 = 0,ψ 2 = 0 obtained from the one vertex solution (3.19) with b 1 = b 2 = 0 and γ 1 + γ 3 = 0. The solution (8.105) has the following form
where ǫ is a grassmanian parameter. From equation (4.69), i.e.,
we find the following relation between the parameters
where α a = cosh θ a , β a = sinh θ a , β a is real. Again the velocity is preserved with only a phase shift being allowed when the soliton interacts with the defect. Notice that limiting cases, where R 2 = 0 or R 1 = 0 are obtained when σ < 0 and e θ = |σ| or σ > 0 and e θ = σ. These cases correspond to total absortion or creation of one fermion respectively.
• Fermion/Boson -Fermion/Boson system The general one-soliton solution (8.104) and (8.105) with b 2 = c 2 = 0 and γ 1 + γ 3 = 0 yield the following solution
We now consider solutions of equations (4.69) -(4.74),
where ǫ is a Grassmanian constant. Writing α a = cosh θ a , β a = sinh θ a we find from (5.87)
Again the velocity is preserved with only a phase shift being allowed when the soliton interacts with the defect. Notice that limiting cases, where S 2 = R 2 = 0 or S 1 = R 1 = 0 are obtained when σ < 0 and e θ = |σ| or σ > 0 and e θ = σ. These cases correspond to total absortion or creation of one soliton respectively.
Zero Curvature Formulation
Consider the two dimensional gauge potential
where the power of λ denotes the effective grading w.r.t the gradation Q in (2.2) and henceforth the generators h i , E ±α correspond to h
±α respectively. In order to describe the integrability of the system, we follow ref. [12] and split the space into two overlaping regions, namely, x ≤ b and x ≥ a with a < b. Inside the overlap region, i.e., a ≤ x ≥ b, define the Lax pair to be,
(6.90)
where E i and E ′ i denote a pair of independent fermionic step operators of sl(2, 1). Within the overlap region, the Lax pairs denoted by the suffices p = 1, 2 are related by gauge transformation. In particular for the time component a
If we now decompose K into
we find
provided the Backlund transformation (4.67)-(4.74) holds and c is an arbitrary constant. We are now investigating the higher negative grade componentes of the gauge function K in (6.92) which can be determined in similar manner from (6.91).
The existence of the gauge transformation (6.91) provides a generating function for constants of motion (see [11] ). Apart from the modified energy and momentun discussed in Sect. 4, we intend to study the modified higher spins conserved charges.
Appendix A
We now discuss how to implement a the relevant subalgebra of the affineŝl(2, 1) Kac-Moody algebra in order to construct the integrable hierarchy we are interested in. Consider the sl(2, 1) Lie algebra with generators
where α 1 ,α 2 are the bosonic and fermionic simple roots respectively and λ 2 is the second fundamental weight. The affineŝl(2, 1) structure is implemented by extending each generator
a . The relevant subalgebra of the affineŝl(2, 1) is constructed as follows. The grade one constant element E (1) be given in (2.3) decomposes the affine algebra into
and the fermionic sector
The algebra is then given by
where the indices in l in K
i denote their grade with respect to Q given in (2.2).
Appendix B
Here we display the explict 4-vertex soliton solution characterized by g given in (3.19), i.e.,
with ρ ± i carrying explicit space-time dependence according to the sinh-Gordon or mKdV respectively,
The τ functions in (3.15) become
where the coefficients are evaluated in terms of representation theory of Kac-Moody algebrâ sl(2, 1) as 
We obtain (9.110) and (9.111) in components,
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